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SuggesHons	

•  Follow	what	we	have	done	on	WAMGSM	
•  Do	incremental	implementaHon	without	
changing	too	much	on	FV3	if	possible	
– Consider	generalized	gas	consHtuents	Ri	&	Cpi	
– Extend	verHcal	height	with	similar	physics	changes	
as	done	in	WAMGSM	

– Add	deep	atmosphere	dynamics	(DAD)	of	r,	g,	and	
cosine	components	of	Coriolis	force	
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Step	1:	Consider	Ri	and	Cpi	

•  WAMGSM	dynamics	use	enthalpy	CpT	
•  FV3	uses	virtual	potenHal	temperature	
•  Let’s	discuss	from	very	beginning	and	possibly	
provide	same	idea	of	generalized	gas	
consHtuents	with	Ri,	and	Cpi	to	form	virtual	
potenHal	temperature	for	FV3	
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Ideal	gas	law	

MulH	gas	consHtuents	can	exist	under	a	common	temperature	
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Base	air	with	n	gas	tracers	
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Ideal	gas	law	conHnue	

Virtual	temperature	can	be	given	as	

p = ρRT = ρRdTv

However,	Rd	here	may	not	be	dry	air,	but	the	base	air	as	following	

In	GSM,	we	have	gas	and	non-gas	tracers	as		

In	WAM	

N2+O2+…	 vapor	 O3	 water	

Ri	 286.05	 461.50	 173.22	 0.0	

Cpi	 1004.6	 1846.0	 820.24	 0.0	

Rd = R0

N2+…	 vapor	 O3	 water	 O	 O2	

Ri	 296.80	 461.50	 173.22	 0	 519.67	 259.84	

Cpi	 1039.6	 1846.0	 820.24	 0	 1299.2	 918.10	
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dCPT
dt

−
RT
p
dp
dt
= FT

6	

Next	we	consider	thermodynamic	eqn	from	internal	energy	as	

The	convenient	way	to	solve	this	equaHon	while	Cp	is	not	constant	is	by	
	enthalpy	h=CpT	as	a	prognosHc	variable		as	in	WAMGSM	

However,	GSM	and	FV3	solve	system	separately	by	adiabaHc	in	dynamics	
	and	diabaHc	in	model	physics.	For	adiabaHc	sense,	it	will	not	be	necessary	to	
	solve	above	equaHon	with	CpT	together	

In	adiabaHc	 dqi
dt

= 0 so	
dCp
dt

= Cpi
dqi
dt
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+T dCP
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−
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dT
dt

−
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p
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Thus	it	is	ok	to	solve	 CP
dT
dt

−
RT
p
dp
dt
= 0 But	R	and	Cp	are	not	constant	
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Under	adiabaHc,	the	thermodynamic	eqn	can	be	used	to	define	potenHal	temperature	as	

7	

CP
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dt

−
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= 0 =>	 d lnT

dt
−
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= 0
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=
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PotenHal	temperature	conservaHon	under	adiabaHc	with	mulH	gases	system	

dqi
dt

= 0Note	that	
dR
dt

=
dCp
dt

= 0

How	about	virtual	potenHal	temperature	used	in	FV3?	

We	put	 into	thermodynamic	eqn	we	have	p = ρRT = ρRdTv

d lnT
dt

−
R
CP

d ln p
dt

=
d ln Rd

R
Tv

dt
−
R
CP

d ln p
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=
d lnTv
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−
R
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d ln p
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= 0

θv =
Tv
π

so	 also	conserved	as	defined	
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=>	 dθ
dt

= 0

dθv
dt

= 0
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How	to	implement	into	FV3?	

From	nemsio	or	physics,	we	have	T,	qi,	p	

Use	constant	Ri	and	Cpi	with	qi	to	get	R	and	Cp	

Use	R	and	Cp	to	get	pi	

Use	Rd,	R	to	get	Tv,	with	pi	to	get	virtual	potenHal	temperature	

Pass	virtual	potenHal	temperature	for	FV	dynamics		

Ager	dynamics	get	new	qi	and	virtual	potenHal	T	

Use	constant	Ri	and	Cpi	with	qi	to	get	new	R	and	Cp	

Use	R	and	Cp	to	get	new	pi	

Use	new	pi,	virtual	potenHal	T	to	get	new	Tv,	then	new	T	

Pass	common	new	T,	qi	to	physics	or	nemsio		
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Notes	of	step	1	
•  Gas	tracers	are	treated	in	specific	value,	no-gas	tracers	are	in	

mixing	raHo.	(from	ideal	gas	law)	
•  Pi	is	defined	by	total	R	and	Cp	of	all	gas	tracers,	from	

thermodynamic	eqn,	no	maher	to	define	potenHal	T	or	virtual	
potenHal	T.		

•  Rd	and	Cpd	to	define	pi	is	in	the	case	of	only	dry	air	used	in	
thermodynamic	eqn,	all	other	gas	and	non-gas	tracers	are	mixing	
raHo;	otherwise	it	is	an	approximaHon.	

•  Even	though	conHnuity	eqn	is	for	mass,	since	we	use	pressure	form	
to	represent	it,	we	should	use	gas	tracers	in	adiabaHc	dynamics,	
and	leave	non-gas	tracers	heaHng	effect	in	diabaHc	physics.		

•  We	provide	a	generalized	eqn	without	approximaHon	from	ideal	
gas	law	and	thermodynamic	eqn	under	thermodynamic	system.	

•  Implement	these	into	FV3	dynamics	first,	model	physics	group	can	
follow	if	accuracy	is	concerned.	

5	October	2017	 Henry	Juang	 9	



Step	2:	extend	verHcal	+	physics	
•  Using	sigma-P	coordinate	to	extend	up	to	about	500	~	600	

km	with	more	layers,	say	150.	
•  Use	g(z)	at	some	points	as	necessary.	
•  Following	WAMGSM	for	WAM	opHons	with	addiHon	of	

some	physics	and	diffusions…	
–  OpHon	with	lsidea	(diffusion	or	horizontal	mixing)	
–  Physics	rouHnes	idea_phys,	idea_*	etc	

•  With	step	1	and	step	2	implemented	in	FV3,	we	come	to	
the	similar	version	as	WAMGSM,	and	we	have	WAMFV3	
even	in	nonhydrostaHc	system.	

•  During	this	stage,	new	physics	can	be	added,	and	data	
assimilaHon	can	be	tested.....	
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Step	3	deep	atmosphere	

•  Try	to	implement	the	deep	atmospheric	
dynamics	(DAD)	into	FV3	

•  Modify	the	equaHon	sets	to	have	similar	form	
as	shallowness	equaHon	sets	

•  Using	FV3	discreHzaHon	and	numerical	
techniques	with	addiHonal	terms	and	different	
facts	in	front	of	some	terms	like	map	factors	in	
horizontal	mapping.	

11	5	October	2017	 Henry	Juang	



du
dt
−
uv tanφ

r
+
uw
r
− (2Ωsinφ)v+ (2Ωcosφ)w+ 1

ρ
∂ p

rcosφ∂λ
= Fu

dv
dt
+
u2 tanφ

r
+
vw
r
+ (2Ωsinφ)u+ 1

ρ
∂ p
r∂φ

= Fv

dw
dt

−
u2 + v2

r
− (2Ωcosφ)u+ 1

ρ
∂ p
∂r

+ g = Fw

dA
dt

=
∂A
∂t

+u ∂A
rcosφ∂λ

+ v ∂A
r∂φ

+w∂A
∂r

p = pn
n
∑ = ρnRn

n
∑
"

#
$

%

&
'T = ρ ρnRn

ρn
∑
"

#
$

%

&
'T = ρ qnRn

n
∑
"

#
$

%

&
'T = ρRT

∂ρ
∂t
+

∂ρu
rcosφ∂λ

+
∂ρvcosφ
rcosφ∂φ

+
∂ρr2w
r2∂r

= Fρ

dCPT
dt

−
RT
p
dp
dt
= FT

	where	

€ 

r = a + z

Deep atmospheric equation in height & spherical coordinates 

Momentum  

Density  

Gas law 

u = rcosφ dλ
dt

v = r dφ
dt

Thermodynamics	
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∂ρ
∂t
+

∂ρu
rcosφ∂λ

+
∂ρvcosφ
rcosφ∂φ

+
∂ρr2w
r2∂r

= 0

Since	FV3	needs	flux	form	etc,	let’s	start	from	deep	atmosphere	conHnuity	equaHon	

13	

Derive	into	generalized	verHcal	coordinate,	we	have	(Juang	2014,	ON#477)		

∂ρ*

∂t
+m2

∂ρ*
u*

r
∂λ

+m2
∂ρ*

v*

r
∂ϕ

+
∂ρ*ζ

•

∂ζ
= 0

where	 ρ* = ρ
r2

a2
∂r
∂ζ
 ;    u* = ucosφ  ;  v* = vcosφ  ;    m =

1
cosφ

 

where	
u = rcosφ dλ

dt
 ;     v = r dφ

dt
; w = dr

dt
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Follow	the	same	definiHon	tradiHonally	by	
∂
⌣p
∂ζ

= −ρ*g0 = −ρ
r2

a2
∂r
∂ζ
 g0

so	
∂
∂
⌣p
∂ζ
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let	 ⌣u = a
r
u*  = a

r
ucosφ  ;      ⌣v = a

r
v* = a

r
vcosφ

The	above	conHnuity	becomes	the	same	form	as	shallow	atmosphere	eqn	
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∂
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=>	 ∂
⌣p

∂
⌣
Φ
= −ρ  ;    

⌣
Φ=

g0 r
3 − a3( )
3a2

In	FV3	verHcal	Lagrangian	form	 DLδ
⌣p+∇•

⌣
Vδ ⌣p( ) = 0
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Next,	let	see	advecHon	w.r.t.	scaled	horizontal	wind	

The	advecHon	in	generalized	coordinate,	can	be	easily	to	use	scaled	wind	as	

d()
dt

=
∂()
∂t

+m2u* ∂()
r∂λ

+m2v* ∂()
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• ∂()
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∂ζ
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∂ ⌣p
 

And	combine	virtual	potenHal	temperature	conservaHon	with		
	conHnuity	equaHon,	we	can	have	

∂θv
∂t

+m2 ⌣u ∂θv
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∂
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∂
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∂
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•
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In	FV3	verHcal	Lagrangian,	we	have	 DLδ
⌣pθv +∇•

⌣
Vδ ⌣pθv( ) = 0
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∂
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Since	horizontal	wind	is	scaled,	how	about	verHcal	wind	

We	can	start	from	definiHon	of	

thus	the	verHcal	moHon	w.r.t	new	geopotenHal	height	

d
⌣
Φ
dt
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g0r

2

a2
dr
dt
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w

In	shallowness	 Φ= g0 r − a( ) so		 dΦ
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⌣w = r

2

a2
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d
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The	general	soluHon	can	be	
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With	3D	scaled	winds	as	

⌣u = a
r
u* ; ⌣v = a

r
v*  ;    ⌣w = r

2

a2
w

Their	Hme	derivaHves	are		

d ⌣w
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=
r2

a2
dw
dt

+
2r
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w2 = ε 2

dw
dt

+
2 ⌣w2

aε3

d⌣u
dt

=
a
r
du*
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−
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dr
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=
1
ε
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dt
−
⌣u ⌣w
ε3a

d⌣v
dt
=
a
r
dv*

dt
−
av*

r2
dr
dt
=
1
ε
dv*

dt
−
⌣v ⌣w
ε3a

where	 ε =
r
a
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The	DAD	scaled	momentum	eqns	in	shallowness	form	become	

d⌣u
dt

= −2
⌣u ⌣w
ε3a

δ − fc
*
⌣w
ε3 δ + fs

⌣v − 1
ε 2
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∂
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∂
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⎠
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∂
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⎠
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∂
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ε 4 −1

⎛

⎝
⎜
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⎠
⎟

All	terms	with		

ε =1   and    δ = 0

ε = r / a  and  δ =1 are	addiHons	to	shallow	atmosphere	dynamics	

while	 all	scaled	wind	and	eqns	are	back	to	shallowness	

And	it	is	possible	to	define	hydrostaHc	pressure		as		 ∂p
∂
⌣p
ε 4 −1= 0
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Apply	verHcal	Lagrangian,	we	have		

DL
⌣u = −

⌣w
ε3 2

⌣u
a
− fc
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⎠
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∂
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⎛
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⌣p∂p '
∂
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Add	two	previous	obtained	

DLδ
⌣p+∇•

⌣
Vδ ⌣p( ) = 0 DLδ

⌣pθv +∇•
⌣
Vδ ⌣pθv( ) = 0

We	can	see	some	terms	are	added	to	momentum	eqns	with	facts	of	epsilon	and	
	delta,	which	won’t	influence	numerical	techniques	inside	FV3	core	

The	proper	form	of	kineHc	energy	in	FV3	will	be	checked	later.	
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How	to	implement?	

From	IO	or	physics	components,	we	have	u,	v,		w,	T,	p,	qi,	and	Ps	or	dz	

	compute	all	scaled	values	
⌣u  ;   ⌣v  ;   ⌣w 

Use	Ri,	Cpi,	and	qi	to	obtain	 R,  Cp, π, Tv, θv

Pass	to	dynamics	to	get	prognosHc	values	at	next	Hme	step	

Use	new	scaled	prognosHc	values	and	others	 ⌣u  ;   ⌣v  ;   ⌣w ; δ
⌣
Φ ; qi  ; θv

Transform	scaled	wind	into	real	wind	

Convert	to	obtain	 R,  Cp, π, T, θ

Pass	to	physics	or	write	components	

Use	Ps	to	get	dp,	and	density	to	get	dphi	then	get	r	
∂
⌣p

∂
⌣
Φ
= −ρ  

Or	dz	to	get	r	

Get	r	from	dz	



Note	to	All	
•  Separate	dynamic	and	physics	makes	it	easy	to	deal	

thermodynamic	eqn	with	mulH-gas.	We	suggest	non-gas	tracers	
should	be	treated	in	model	physics	as	mixing	raHo	due	to	no	
contribuHon	to	pressure,	though	they	can	contribute	to	mass.	

•  Use	scaled	wind	and	factor	(resemble	the	horizontal	mapping)	
makes	DAD	in	shallow	atmosphere	form	without	further	
complicaHon	

•  Convert	prognosHc	variables	in	one	place	between	dynamics	and	
physics/IO	components	makes	it	easy	to	implement.	

•  However,	works	have	to	be	done	in	dynamics,	R	and	Cp	have	to	
update	whenever	qi	are	updated	before	any	conversion	among	T,	
Tv,	and	(virtual)	potenHal	T.	

•  Also,	the	terms	with	epsilon	and	where/when	to	add	delta	terms	
have	to	take	care	in	FV3	dynamics.		

•  We	do	implement	DAD	with	backward	compaHbility,	so	when	
epsilon=1	and	delta=0,	all	are	back	to	original	code.	

5	October	2017	 Henry	Juang	 21	


